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1. Introduction 

The authors have developed a FORTRAN program that can be used 
to calculate the solution to the homogeneous system of first order 
differential equations with constant coefficients as follows:* 

Y(t) - AY(t) 

^V = Yo 
(1) 

Consider Equation (1) and let Y(t) be an n-vector of differentiable 
functions, Yn be an n-vector of constants (initial conditions), and A 

be an n X n matrix with constant elements. Then the solution to 
Equation (1) can be written as 

Y(t) = i(t - t0)Y0 (2) 

where 0^ is an n X n matrix known as the state transition matrix 
(fundamental matrix) whose entries are functions of t. For example, 

y^t) = y2(t) 

y,(t) = -2y1(t) - 2y9(t) 

(3) 

is a 2 X 2 system of linear first order equations, and ^(t) is the 
matrix ~ 

e (cos t - sin t) 

-2 e  sm t 

e  sin t 

e (cos t - sin t) /  .     *! 

*The symbol A will be used to indicate A is a matrix and the symbol A 
will be used to indicate A is a column vector. 

güü^nww»—ril,""'w'i!;
p' 
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To determine a solution to the system, given a set of initial conditions, 

(5) 

"■" ■ (::") ■ ■• ■ (::) 
one need only premultiply it by $(t - t.). This result has been in the 

.  1 
0' 

literature for quite sometime and is a special case of the more general 
result that 

is solved by 

Y(t) = AY(t) + BV(t) 

i(t - t0)Y0 +  / l(t - t0)BV(t)dt 

4 

(6) 

(7) 

/ 

Clearly, the central problem in determining a particular solution in 
either the homogeneous or the more general problem is the calculation 

At At 
of Qit),  better known as e— . Subroutines for calculating er- have 
been in the literature for quite sometime. All those known to the 

At 
authors, however, have the drawback that they do not output e- in a 

At 
form similar to that of Equation (4), but give e— a for one value of 
t " t . This technique is widely used in the numerical integration of 

linear systems. Though such techniques are useful, the analytical fo-.*m 
of the solution is lost together with time constants and system fre- 
quencies which appear in an analytical representation for ^(t). 

The computer program developed in this report can be used to 
obtain ji(t) for every t. The user need only Input the system matrix A, 
the dimension of A, and a set of error tolerance levels. For example, 
let 

■-■(:.:.) 
(8) 

4 

Frame, J. S., "Matrix Functions and Applications. IV." IEEE 
Spectrum. June 1964, pp. 123-131. 
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Then the program output will contain (among other things) ^(t) expressed 
as a sum of matrices times linearly independent functions: 

0 

iCt) = cos t + e  sin t (9) 
-1, 

The error tolerance levels are discussed in detail in Section 3. 

The remainder of this report is divided into three sections. 
Section 2 gives a description of the problem and the techniques used to 
solve it. Section 3 deals exclusively with the computer program and 
includes a description of inputs and outputs. Finally, Section 4 gives 
a listing of the program. Those familiar with analytic functions of 
matrices can go directly to Section 3. 

as 

2.      The State Transition Matrix 

At a>  e- . Definition, and Properties 

At 
e— , the <t(t) of Section 1, is defined by a power series 

At A2-2   A3«-3 At   At 
&-   •= I + At + ^y— + «jp + .. (10) 

i 

•i 

* 

At where 1^ represents the unit matrix. Since er-    is defined analogously 

to e , a is a sealer, it is similar in many respects. For example, 

A(t + s)   At As 
e-    ' « e- e- 

de-   A At 
~ A e- 

dt 

A-0  T 
(11) 

but, generally speaking 

(At + Bt)   At Bt 
e -  —  »t e"- er 

At Bt   Bt At 
e- e— ^ e— e— (12) 

since matrix multiplication Is not a commutative operation. A compu- 
At 

tatlonally useful property of e- is 



RAR    ^ At -1 
e—-  = Re- R (13) 

At 
This makes it possible to easily calculate er-    in some cases by trans- 
forming it into a similar matrix (e.g., normal matrices to diagonal 

2 
matrices ). The power series representation, while useful for numeri- 

At 
cal work, is none too helpful for writing e~    in closed form. The 

At 
following general theorem is used to decompose e— into a finite sum 
of n X n matrices times analytic functions in one variable. 

Theorem 

If f is an analytic function on a simply connected open set D of 
the complex plane that contains all the eigenvalues X.  of an n X n 
matrix B and the origin, then f(B) may be written as ^ 

f®-l 1 -TFTiyf-^.k w 
j=i k=i 

where n denotes the multiplicity of the j  eigenvalue, s is the number 

of eigenvalues, and the Z. . are n X n matrices which are independent 
—j ,K 

of f and D (they depend only on the matrix 3). 

Since e is analytic in the whole complex plane, setting B = At, 

f(x) = e yields 

At 
s  j 

12 
j=l k=l 

\.t 
t  e J 

(k - 1)! -j.k • (15) 

At 
Now it is clear that e- has a representation as a finite sum of n x n 
matrices of sealers times analytic functions. The problem is to deter- 
mine the \ and the Z. . . 

J       ""J >* 

tlerstein, I. N., Topics in Alaebra. Blaisdell, Waltham, Massa- 
chusetts, 1964. 

3 
Frame, loc. cit. 



A review of the terminology involved in the theorem is presented. 
A function analytic about (O) has a power series representation about 

f 
I 

f(z) = 2, a zn for N < 

n=0 

r  ; (16) 

therefore, f(B) can be formally defined by 

00 

f(B) = J a/ (17) 

n=0 

If B is an n X n matrix, an eigenvalue of _B is a sealer K.   for which 
a vector x exists such that 

or 

Bx = \.x 
J 

(B - \.nx = o . 

(18) 

(19) 

If Equation (19) holds, the matrix B - XI. is singular, and, therefore, 
\. is a solution of the equation, 

Det(B - \I) = 0 , (20) 

th where Det(B - XI)  is an n  degree polynomial called the characteristic 
polynomial of E. Its roots, which are just the eigenvalues of g., are 
also called the characteristic roots of B. The multiplicity of X,  is 
its multiplicity as a root of Det(B -XI). ■J 

The theorem asserts that f(B) exists (the power series of Equation 
(17) converges) if the eigenvalues are in D and that f(B) has a repre- 
sentation in the form of Equation (14). 

b.  The Characteristic Polynomial and Its Roots 

At 
Certainly, the first problem in writing e~ in the form of 

Equation (15) is to calculate the eigenvalues and determine their multi- 
plicities. To do this the characteristic polynomial has to be calcu- 
lated. If 

Det(A - XI) * Xn + d^ '  1 + + d. (21) 

is the characteristic polynomial, the coefficients d, are calculated 
using the following theorem. 

■N""*" ■ff^p« 



Theorem 

dk = -trCMk.i) 

\ = ^k-1 + dk i 

0     ^n)   * —n  -■ 

0 < k < n (22) 

Recall that tr(a ) £a.. is the sum of the diagonal entries of ia^) • 

Since |L = Q_ a good way to check for errors in the calculation of the 

ce between the calculated B at 
—n 

An interesting consequence of 

coefficients is to check the difference between the calculated B and 
"Tl 

the theoretically determined values. 
Equation (21) is that 

AB . 

n 
(23) 

or 

if A 
-1 

exists (d * 0). 

(24) 

The roots of Oet(A • \l)  can, at this stage, be calculated using 
any one of a number of different techniques. In this program the classi- 
cal Newton-Raphson method is used. The roots then have to be sorted 
and multiplicities counted. Numerical errors can be generated almost 
anywhere in our program. At this stage, these errors necessitate a 
decision. For example, using Newton-Raphaon the equation 

x4 + 2x2 + 1 - 0 (25) 

will have calculated roots e. ± i, e- ± i where c., e9 are small 
-13 

(< 10   using a double precision version of an IBM root routine), but 
distinct real numbers. The solution to a 4 X 4 system with Equation (25) 
as its characteristic equation will be calculated to be of the form 

Frame, oj). ci£. 
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Z,   .e^l^^ Z, .e^l"^^ Z, 1e
(£2+i)t

+ Z,  Ae(e2-i)t .   (26) 
—1,1 —2,1 ~3,1 —1.^ 

z 

But  since the roots of Equation (25)  are really ±i,  each of multiplicity 
two,  the solution really is 

it .   -r      ^  it .   r, "it ,   n      ^ -it 
V6     +-1.2te     +^2,ie        +^2,2te (27) 

To avoid this kind of problem some decision has to be made. Namely, a 
tolerance e is specified such that a will be set equal to b if 

|a - b| < e (28) 

where a and b are roots of the characteristic polynomial. 

For example, in the case previously considered, e is set to be 
large enough so that 

,l<e (29) 

The program replaces e2 by e1 and, rather than saying that the 

characteristic polynomial has distinct roots e, ± i and €„ ± i, claims 

that it has a root of e1 ± i of multiplicity two. The program then 

checks to determine if the root, or its real or imaginary part, is small 
enough to be called zero, i.e.. 

a < € (30) 

i 
If Equation (30) is satisifed, a is set equal to zero. In the example, 
the final output is two roots, ±i (each of multiplicity two), if e is 
sufficiently large. 

Although an error at this stage will make the solution to the system 
look radically different, it will probably not change any of the usual 
system constants in a discontinuous manner. In fact, the solution to 
Equation (1) depends continuously on the eigenvalues. To see this, 
notice from Equation (10) that the solution depends continuously on A. 
Using Equation (13) it may be assumed that A is in lower triangular 

form 

Herstein, loc. cit. 



(31) 

The diagonal entries of A are Just the eigenvalues. If the roots are 
changed by a small amount e., then the system is changed to one with 
matrix A1 where 

A' = A + e (32) 

€ = 

e.   0 

\ 

s 

Hence, 

eA't = e(A+e)t 
(33) 

which is continuous in the e 

i i 

c.  The Constituent Matrices 

The matrices Z.  are called the constituent matrices and, 

as was previously noted, are dependent only on A, not on the analytic 
function at which A is evaluated. Rather than launch into a general 
description of the technique used to calculate the constituent matrices, 
they will first be calculated for a particular example and the illus- 
trated technique generalized. Suppose 

(34) 

with characteristic polynomial 

(x - l)z(x - 2) (35) 

which has roots \ «1 (of multiplicity two) and ^., = 2 (with multiplicity 
At1 l 

one) . must be of the form 

^-e'z^^^ (36) 

10 
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Applying Theorem 1 to the analytic functions f(x) = x , g(x) = x, 
2 

and h(x) = x and substituting A for x, the resulting equations are 

1-il.l+0^l,2+1^,l 

*~l-h,i+l'h,2+2-h,i 

A^1.Z1)1+2.Z1)2+4.Z2>1 (37) 

By using matrix notation and considering I, A, A , £. . as formal 
symbols Equation (37) can be written as J' 

(38) 

The matrix 

(39) 

is invertible with inverse 

2 

3 

-2 

(40) 

so 

or, in equation form, 

i^-SA-A 

(41) 

11 



^ 2 = -21 + 3A - A 

Z2jl = I-2A + A
2 . 

The Z^'s can be easily calculated from Equation (42) 
is an n X n matrix, the column vectors 

(42) 

In general, if A 

(43) 

h,l 
Za=( *1.2 

-s,n 

(44) 

are formed and yield the matrix equation 

A    = V^ a  — a (45) 

,r 

where V is the transpose of an n X n matrix V, called the Vandermonde 

of Equation (1). The simplest way to calculate the entries of V is as 

follows. Partition V into s, n x n matrices. The k  matrix will 
"* th 

be filled with entries calculated from the k  eigenvalue. The entries 
of each of these matrices is calculated using the algorithm 

\r0 

ij 
v. * v ij  'i-l,j-l +Vi-l,j 

i> j 

i = j 

i< j . (46) 

As an example, suppose A has 3 eigenvalues X^ of multiplicity 3, \« of 

multiplicity 2, and X. with multiplicity 1, then V* is 

12 
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Xn 

K 

K: 

2K 

5X 

3\ 

6K 

10K 

X 

X 

2k 

3K 

4\ 

5k 

x: 

(47) 

where V is always invertible so Equation (45) can always be solved. 

d.  Complex Eigenvalues 

In all previous examples the eigenvalues have been real. In 
general, the eigenvalues may be complex and the result is that X.  and 

Z. . may in general be complex. The program developed in this report 
""J-J j 

handles all complex computations with real computation and no FORTRAN 
complex declarations are made. As a result, double precision may be 
used to provide accurate solutions. 

At 
If the eigenvalues are complex then the matrix er- may contain 

numbers and functions which are complex in form and must be combined to 
form a solution which contains only real numbers and real functions. 
The task is tedious by hand, so the program combines complex functions 
into a real form convenient to the user. 

At 
The generation of a real form for er- with complex eigenvalues is 

handled in the same manner as in the case of a single linear equation 
with constant coefficients. Namely, if \4 « a + iß is a characteristic 

root then so is X. = a 
The term 

j 
iß, and the two roots have the same multiplicity. 

.k-1 

(k - 1)! 
(e^e^Z 

j,k 
+ ^VJ (48) 

Frame, loc. cit. 

13 



occurs in e-^    Write 

Zj>k=Z+  iZZ 

zi)k = w+ iWW 

with W, WW, Z, ZZ real n X n matrices, and write e±ißt 

cos ßt ± i sin ßt . 

Multiplying out the complex numbers and 
becomes 

as 

(49) 

(50) 

(51) 

grouping terms, Equation (48) 

^.k-l at t e 
(in  1):[_cosßt(Z + W)+  sinßt(WW .zZ)+i {sin ^(2.^ + ^ 3, (^+HE)} 

At 
but 
mus 

connections 

(52) 

er- is real since A is, therefore, the complex part of Equation (52) 
t vanish for all t. By evaluating Equation (52) at 0 and n/ß, the 

Z = W 

ZZ = -WW 

are established. Simplifying Equation (52) gives 

t^1   at 
(k _ JVJ  e   [2 cos ßt • Z - 2 sin ßt • ZZ] 

All the quantities in Equation (54) are real. 

(53) 

(54) 

e wLHsW8^ '^irS" ^""f"^ ^«ion <") may oe handled using only real computations. Recall that complex 
numbers can be changed into 2x2 matrices according to the follov 
rule: lowing 

a + iß /- c :)• (55) 

If z and w are complex and Z, W are their corresponding 

Frame, o£. cit. 

TIerstein, loc. cit. 

matrices then 7,8 

•■ < , 

j 
14 f 

';' 
1 __ 

1 

P 
'   .: ^'' 

■Mm mmm 
.r'      '    ■• - •,  " ■ —-p— 

1 
1 



z + w /- 

zw f- 

-1/- 

-^ Z + W 

.*. ZW 

(56) 

Equations (56) are sufficient to guarantee that algebraic calculations 
done with the matrices will agree with those done with their complex 
numbers. This monomorphism is extended to n X n matrices in the natural 
way. If Z, is a complex n X n matrix and 

Z = A + iB (57) 

then 

(; !) 

a 2n X 2n matrix. 

Similarily, if W, C, and D are n X 1 matrices such that 

(58) 

then 

W = C + iD  , 

-C) 
Equations analogous to Equation (56) hold« 
matlons, Equation (59) becomes 

9,10 

(59) 

(60) 

Under chese transfer- 

Frame, loc. cit. 

Bredon, G, E,, Introduction to Compact Transformation Groups. 
Academic Press, New York, New York, 1972. 

15 
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(61) 

where Vt = VRt + iVC11 and Z.   .  = ZR.   . + iZI.   ., The 2n X 2n matrix 

(62) 

is inverted and the calculations are made as before. 

The 2n X 2n matrix given in Equation (62) cannot be inverted by 
inverting the two n X n matrices VR and VC as can be shown by this 
counter-example: 

'0   10 
0   0   1 
,0   -1   0 

(63) 

hence 

Det(A - \I) = - (X + \) (64) 

so 

Vt is 

\ = 0, ±i (65) 

(66) 

The real matrix corresponding to V is 

16 
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i 0 0 111 

0      0      0 i 0 -1 1 

0-1-1 I 0 0 0 

0      0      0 I 1 1 1 

0 0 1-10      0 

0      0      0      i    0     -1    -1 (67) 

None of the 3x3 matrices are invertible. 

e.  Error Checks 

At 
Recall that er- satisfies 

A   At       A*- de—   . At 
(68) 

Furthermore, among all the analytic functions satisfying Equation (68) 
it alone satisfies 

f(0) = I (69) 

Equations (68) and (69) can be used to construct a test on the validity 
At 

of any technique purporting to calculate er-    in terms of its constituent 
At 

matrices. If e— is differentiated with respect to t [Equation (15)] , 
Equation (70) results 

s    J >iV 
Z Z (k -u:   [-j,w-i +^j-j.k] 
j=i k=i 

(70) 

(without loss of generality we can set Z.,n +1 = 0). In terms of 
Equation (68) ^  ^ 

s  "j \  t 
>1 j 

j=l k=l 

or setting 

1      7    ~ Z' 
(k - 1)! -j.k  -j,k 

(72) 

17 
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n. 
s   J X.t 

I I tk"le3   [^.m^A.k-^j.J "^ •    C73> 
j=l k=l 

k~l  1 
The functions t  e   are linearly independent so their coefficient 
must be zero for the left hand side of Equation (73) to equal the null 
matrix: 

kZ'  T + \.Z'  - AZ! , =0 k < n. 

X.Z\ - AZ.   = 0 
J-J.n.  -J.n.  - 

If \. = a + iß is complex then, using analogous notation. 

(74) 

r 

KZS' ^i + CCZR: . + ßzit , - AZR: , = o —j,kH   —j,k  M—j,k   j,k  - 

k21' ,^.1 + CCZl'.  .   -  ßZR'. , - AZI'  =0 —J,ki-1   —j,k  M—j,k   j,k  - 

aZRl   + flZI'   - AZR:   = 0 
-J.n.   -j.n.  —j.n.  - 

azi\        -  SZR!   - AZI!   =0 . 
 j.nj      J.Oj    J.Hj   - 

(75) 

Checking these equations provides a good overall check for numerical 
errors. The program keeps track of the maximum entry of the matrix on the left 
hand sides of Equations (74) and (75) (absolute value of the matrix entry) . 
After all calculations have been done, it prints out this maximum. 

3.      Program Description 

a-  Flow Chart of Program 

A flow chart of the program containing the computations 
defined in Section 2 is given in Figure 1, All blocks in the flow chart 
with the exception of the last, are either self-explanatory or have 
already been explained. In calculating the inverse of a matrix the IBM 

subroutine INVERT,  which employs pivotal condensation, was used. In 

System/360 Scientific Subroutine Package. International Business 
Machines, While Plains, New York, 1968. 

18 
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calculating the roots of the characteristic polynomial POLRT, another 
12 

IBM routine was used.   It is a 500-step Newton-Raphson method in two 
variables. 

b.  Inputs to Program 

This section defines the form of the input data for the 
program. The fir^t four cards define the tolerance constants described 
in Section 2. These cards are read only once for any set of A matrices 
to be run. If the dimension card (LDEn) for an A matrix is zero in 
value, the computer run will terminate. 

The order and format of the input data cards are shown in Figure 2. 
The variable names in Figure 2 can be identified as follows: 

DB - In sorting roots, two roots which differ by an amount less 
than DB are set equal. This tolerance will effect the multiplicity 
calculated for a root and hence the form of the solution. If the user 
selects DB = 0, distinct roots are likely to be generated changing the 
form of the solution. Since the solution to Equation (1) depends 
continuously on the eigenvalues, the form of the solution chosen by 
the program will give the correct answer in a numeric sense. 

DD - If the determinant of the Vandermonde is less than DD in 
absolute value, an error message is printed stating that the Vandermonde 
matrix is singular. When this message is encountered, one of the 
following occurred:  (1) DD was selected too large, (2) User entered 
data improperly, or (3) numerical roundoff or truncation error is the 
source of the problem. After the error message is printed, execution 
is halted and the next data set is read in (starting with IDEM). If 
the user sets DD = 0, the program halts only if the determinant of V 
is zero. 

LDEM - Order of the system matrix. 

A(I,J) - Element of the system matrix. 

c.  Sample Program Output 

Along with the error messages already discussed, the program 
will print the A matrix, its characteristic polynomial, a table of 

"" At 
characteristic roots and their multiplicities, er- expressed as a sum 
of constituent matrices and analytic functions, and the maximum error 
as determined by the method of Section 2.e. 

12, 
Ibid. 
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The input data set shown in Figure 3 was used to generate the 
output shown in Figure 4. 

I 4.      Program Listing 

The listing given in Figure 5 is the double precision version 
of the EAT program. 

5.  Conclusions 

Programs to calculate the state transition matrix (e— ) as a 
linear combination of functions of time are not generally available. 

At 
The program described in the report computes e- and should be useful 
to those involved in the solution of linear differential equations 
described by state space equations. 

20 
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•^■SSWOBBSBS»««»«»»»»»^ 

READ INPUT DATA 
1. TOLERANCES 
2. DIM OF A 
3. A 

CALCULATE THE 
COEFFICIENTS OF 
DET (A - X I ) 

CALCULATE ROOTS. 
IF UNSUCCESSFUL, 
PROGRAM TERMINATES 

/ 

SET SMALL REAL AND 
IMAGINARY PARTS OF 
ROOTS TO ZERO WHERE 
APPROPRIATE 

DETERMINE THE 
MULTIPLICITY 
OF ROOTS 

DETERMINE IF 
ANY ROOT IS 
COMPLEX 

REAL 

CALCULATE 

COMPLEX 

/CALCULATE\ 

( yfi*   -vcM 

SET SMALL ENTRIES 
OF THE CONSTITUENT 
MATRICES TO ZERO 

CHECK THE 
CONSTITUENT 
MATRICES 

WRITE OUTPUT 

Figure 1.    Flow chart of program. 
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/ CARD 
NO. VARIABLE NAME FORMAT 

TOLERANCE 
LEVELS 

1 
2 
3 

DB 
DC 
DD 

D15.0 
D15.0 
D15.0 

FIRST DATA 
SET 

i     4 

5 
LDEM 
A{1.1), A(1,2), A(1,3). A(1,4) 

12 
4D15.0 

SECOND DATA 
SET 

f      M 

M+l 
LDEM 
A(lf1), Aa,2), A(1,3), A|1,4) 

12 
4D15.Ö 

RUN 
TERMINATION 

K BLANK CARD 12 

Figure 2, Input data card format, 

(/f 
15 

1 
30 

1 
45                   ( SO      -*- CARD COLUMN NUMBER 

0.0001 
0.0001 
0.0001 
0.0001 
4 
0.0 
0.0 
0.0 

-1.0 
3 
0.0 
0.0 

-4.0 
4 
0.0 
0.0 
0.0 

-4.0 
4 
0.0 
1.0 
0.0 
0.0 

1.0 
0.0 
0.0 
0.0 

0.0 
1.0 
0.0 

-2.0 

0.0 
0.0 
1.0 
0.0 

1ST DATA SET 

1.0 
1.0 

1.0 
00 
0.0 

-8.0 

0.0 
-4.0 

0.0 
1.0 
0.0 

-8.0 

0.0     ) 
-«.0     j 

0.0    ) 
0.0 
1.0 

-4.0     J 

2ND DATA SET 

3RD DATA SET 

0.0 
0.0 
0.0 
1.0 

(BLANK CARD) 

1.0 
0.0 
0.0 
0.0 

0.0 
1.0 

-1.0 
0.0 

4TH DATA SET 

Figure 3. Sample input data card set. 
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iÄäWWÄ^wg»%^^«si5s»^ g»«?*!!^^ 

# 
 ■  ":         

- —            -   LB*. ua,i^~an t. UUtpUb ~          - — 

A  MATsiX 
0, 
o^  -    
0. 
-.looooooooo+oi 

.1000000000*01 
—r. *—  

0. 
0. 

0. 
iitroooooiot>tr*oi-  

0. 
-.200000000D*OI 

0. 
r.— '  

.1000000000*01 
0. 

     _          ...._  

-»*•«•••**»•*«*•»«•»**•'«»**•»•»».»««««»«t 

fr 
CHARACTCTTST1C POLYNOWIAt 

(   ,io<roooooo*oi) ♦ 

V-O,- —      ""    )   »x»» i -*■ 

t     .2ö00OO0tKy»^lT   »*•» 2  ♦ 

(    .1 oooocow^oti- »»»♦-*— 

CHARACTERISTIC ROOTS 

REAL PART 
0. 
0. 

COMPUEX PART 
>.100000000*01 
.100000000*01 

MULTIPLICITY 
2 
2 

EXP(Ax) » 

♦ F( \)*li 1» 1) * F( 2)»ZZ( 1« 1) 

* F( 3)«Z( It 2> * F( 4>«Z2( It 2) 

WHERE rm ARE 

Figure 4. Sample program output, 
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aWMKWWisfe'awwiwiiwai^^ ",       '-^   " 

rt i) a costx* ».loaoooouo^fltr 

-M-tf-vSt* 

• t 3t s (x»«^j>*cesix* -,iOöOftw&o*otr 

rtut-^ rx^r Tr^snrx^--;!ooooooaar*otT 

«NO-lRERr THT t Amtt- MtmftC£S~mZ 

2( u i» MATRIX is 

.tooaoooooo»« 
0. 
0. 
0. 

 fri- ■'-   

.1000000000*01 

0. 

-■■ o.   ■—" 
0. 

.1000000000*01 
0. 

ov               — 
0. 
o.        - 

»       .1000000000*01 

ZZ<  1.  1)   MATRIX  IS 

0.    . -.1500000000*01 
.Süooooofl«o*or o. 

0._                            • .5000000000*00 
^.strowoDOPD^ot) Oi 

-.5t)000t)0000*0ff 
0. 

.isoffoinrooo+tnr 

-.5000000000*00 
0. 
-.5000000000*00 

■o.~ —  

Zri*  2)   MATRIX-IS 

D7              —iStHWmWüftHr 
.5000000000*00 0. 

o. .5000oaMt)tr*oo 
-.5000000000*00 0. 

■07    -- 
.5000000000*00 

0. 
-.5000000000*00 

~-.5OD000OO0O*Tn> 
0. 

.500000^000*00 
0. 

Zt{   1,  2)   MATRIX IS 

-.5000000000*00 
0".   
.5000000000*00 —ffl ,  

0. 
--.5O(mOOt«>0D*0O 
0.       
"i50ff00O0OOD*0tr _ 

.5000000000*00 
» 
.5000000000*00 

0. 
-.SOTJOffOB 000*00 
0. 
- .5000000000^00 

MAXIMUM ENTRY OF ERROR MATRIX»  .407667520-12 

Figure 4. (Continued), 
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mmmmamt^. 

A  MATQIX    " 
0. 

"0. " 
-.4000000000*01 

2ad Data Set Output 

*. 
.1000000000*01    0. 

.iooooooaoo*oi 
-.6000000000*01    -.4000000000*01 

» » •-# ft » ft 

CNARACTERISTIC POLYNOMIAL 

( .400000030*01) ♦ 

( .600600000*01) »x«* l ♦ 

< .400000000*01) »x*« 2 ♦ 

< .100000000*01) »X«« 3 

CMARACTEffrSTIC ROOTS 

REAL PART '    
-.200000000*01     0. 
- . 1000 Ö 0t)TO*t>T   : 
-,100000000*01 

COMPLEX PAPT MULTIPLICITY 
iffOMat>tro*oi 
100000000*01 

1 
—-L 1       

1 

»-•-•-#■ m-m-t- -••• •-*-»-•* • • » 

EXP(AX) = 

* n i)»z( it n 

* M ?)»Zl  2» 1) * fi  3)*ZZ( 2» 1) 

WHERE F(ir ARE 

f< 1) « EXP(X» -.200000000*01) 

Figure 4, (Continued). 
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F( 2) = (X»« 0)»EXP(X» -.10000000D*01)»COS(X» -.100000000+01) 

F( 3) = (X»» 0)«EXP(X* -.10000000D*01)»SIN(X» -.100000000*01) 

ANO WHERE THE Z AND ZZ MATRICES ARE 

Z( !♦ 1) MATRIX IS 

•loouoooooo+ui 
-.2000000000*01 
.^000000000*01 

.10000^000*01 
-.2000000000*01 
.^000000000*01 

•5000000000*00 
-.1000000000*01 
•2000000000*01 

Z( 2. 1) MATRIX IS 

0. 
.2000000000*01 

-.<f000000000*01 

-•1000000000*01 
.3000000000*01 

-.4000000000*01 

-.5000000000*00 
.1000000000*01 

-.1000000000*01 

ZZ( 2, I) MATSIA IS 

-.2000000000*01 
.2000000000*01 

0. 

-.2000000000*01 
.1000000000*01 
.2000000000*01 

-.5000000000*00 
0^ 
•1000000000*01 

MAXIMUM ENTRY OF ERROR MATRIX^  •605845180-27 

««•«•»««•««•»««»»«•«»««««««« « » 

Figure 4, (Continued). 
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t^«^f^^^mm^tm^&-^wi?im^mm^m,^&^^m^^^^^i^M 

3rd, Data. Set Output 

A  vlATinx 
0. 

" a.  
o. 
-,4oooaöoooo*oi 

.1000000000*01 
o. " - —-— 

-.SOOOOO0O00*01 
0. 

.iöooöööuoD*or 

-,80ÖÖDÖOOOD*01 

0. 
JT, 
.10OO0OQOOO«01 

-.4000000000*01 

• •»•«••».•••••«••••»«••«*••••'«•••••••«»•• 

CHÄR AcTE« 1STTC TDCflTOHTÄL 

r ,4öOT0öö0O*OIj ♦ 

f- ;söirooo00O*0rr~«n(»» i * 

J . SO oo oo 0017*0rr»xr»* T ♦ 

( ,'fOOff0O01OO*0I7~»X»* 3  ♦ 

CHARACTEHISTIC HOOTS 

REAL PART 
-.100000000*01— 
-.100000000*01 

COMPLEX PART 
'.100000000*01 
.100000000*01 

MULTIPLICITY 
2 
2 

-• •  •••-•»•• » r • ♦ » « • • • » -#- » -w- •»•»»• • «  « • • » » • # •  • • 

r 
EXP(AX)   = - 

♦ P(   1)»Z(   It   1)   * F(  2)»ZZ(   li   1) 

♦ P(  3)>Z(   It  2)   ♦ F<  4)»ZZ(   It  2) 

iHEtW Ftl)   A*C 

Figure 4,   (Continued), 
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F< 1)   =   (X»» 0»*EXPtX* -,100O(KW0O»0l)»COStX» -,lOt»aOOÖO0*(ri) 

-ft er * ti^~*t*&»t**^tw99WQv*(nr*smtx» -iiotoooooD*trtr 

f < sr = tx»» i>«ExPtx» -.ioaooawo*(n)»cosTX^--,iDtiot)(rffoir+in7 

rr *i = (X*» IT^XR(X» -.itn«wo«0ir*in)»siMcx» ^71 jriTTir' 

«Ntr tf^ERE THE Z «TO ZZ «ATWCESHRE 

Z<  1.   1)  MATRIX  IS 

.1000000000»01 
0. 
0. 
0. 

Of       0. 
.1000000000*01     0. 

0. ■ . 

0. 0. 
.10000000«0*t)l 

0. 
0." 
;iooooooooo*oi 

ZZ(   1,   1)   NtATRIX  IS 

-.2000000000*01 
,20000t>000O»01 

•.2000000000*01 
.*oDOooootm»tri 

-.3000000000*01 
.2000ooo(roü*oi 

-.2000000000*01 
- ^wrootwrotmm 

•.1500000000*01 
.ioo9«ooo(ro*oi 

•.2000000000*01 
.60tr0O0TOO0*01 

-.5000000000*00 
.5000000000*00 

-.1000000000*01 
100*01 

Zi   I,   21   MAtntK  IS 

-.1000000000*01 
.2000000000*01 

*.2000000000*01 
0. 

•i 2000000 ootr*oi 
.3000000000*01 

•.2000000000*01 
-.2000000000*01 

- •1500000000*01 
.2000000000*01 

•.iooooooooa*oi 
•.2000000000*01 

-.500000D00D»Otr 
.5000000000*00 

0. 
-.1000000000*01 

f 
ZZ(   1,   2)   MAtRlX  IS 

-.1000000000*01 
0. 

.2000000000*01 
--.*ooooooooo*or- 

-.1000000000*01 
•.1000000000*01 
.4000000000*01 

^V600000000tr*0t 

-.5000000000*00 
«.1000000000*01 
.3000000000*01 
^.4000000000*01 

0. 
-,5000000000*00 
.1000000000*01 

•~.ro 000000 öonrr 

MAXIMUM ENTRY Of ERROR MATRIX«  .100202^30-10 

■•-■*- ♦- •♦—•■- •-•■-♦ •■-•-♦--♦■-•-♦-• ♦--•-#■# •-♦-♦ •■-♦-•■« ••■-•-•»-•-1 

Figure 4, (Continued). 
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mm'mmim^xm^mmms/ynitmmmaammi^Kv.i^- ,-.„-,-« «^•^i(m5M«»wwww?>wB!s»«ss>w*i*^ 

is 4th Data Set Output 
MATRIX 
0. 0.                                           .1000000000*01 0. 

.10ÖOOOOÖOD*01 o.                           o.  .lOOOOOOffffDVÖl 
0. 0.                                         0. -.1000000000*01 
0. .100000000D*Öl            0. 0. 

• •••«•••*«•*««*«*••»•»««»»«•«»»*»«»••••« 

CHÄ«AcTERTSTIC FöLVNÖMTAL 

(     .löö0000OO*01) ♦ 

(-0". ) »X»»  1   ♦ 

(  -.100000000*01» »X«» 2  ♦ 

(-0. ) »X«» 3  ♦ 

t   ,nnjOTtn)oo*oj) »x«*-% 

CHARACTERISTIC  ROOTS 

REAL  PART 
-.8660?540tr#00 
-.8660?5400*00 

,866O?S*0U*O0 
.8660?5<»00*00 

COMPLEX PART 
.500000000*00 

•.500000000*00 
-.500000000*00 
.500000000*00 

MULTIPLICITY 
1 
1 
1 
1 

EXP(AX> = 

♦ fi   1»»Z( 1» l> ♦ F( 2)»ZZ( It I) 

♦ F{ l)»?t 3» 1) * F( 4)»Z2( 3t 1) 

Figure 4. (Continued), 

29 



tfHERefd)   ARE 

Ft It  *   (X»» 9)*EXP{X» -.866025«Otr*M)»Ct)S(X»     .SOOOWJOOO+OO) 

F(  2)   * tX»*  0>«EXOrX* *,866e25^0O*00>»SINtX»     .St>OOOOOOD*OOJ 

Ti-i^-g--tXlHt--fr)»EXI»tX»-—.^6^gS»ttr*00)*COSrX» "^5000000OO*t«n— 

Ft *>   =t   tX»» (»♦EXPTX»     .866«25*0T>v©ff)»STlinX» -.SOOOOOOOO+ffOr 

1  I 

AND *»£*£ THE Z AND ZZ MATRICES ARE 

It ti   1) MATRIX IS 

.5000000000*00 
-.2986751350*00 
-.2886751350.+00 
0. 

-.2886751350»OO 
.5000000000*00 

0. 
-.2886751350*00 

'.5773502690*00 
>. 
.5000000000*00 
.2886751350*00 

0 . 
-.5773502690*00 
.2886751350*00 
.5000000000*00 

ZZ( 1. 1) MATRIX IS 

.2885751350*00 

.5oootrooooo»t>r 
-.5000000000*00 
-.5773502690*00 

-.5000000000*00 
r.28867S13SCr*0r 
.5773502690*00 
.5000000000*00 

0. 
• .S7T3SOH590*0xr 
.2886751350*00 
.5000000000*00 

.5773502690*00 
"OV "   
-.5000000000*00 
-.2886751330*00 

Zt 3,   11  MATRIX IS 

.5000000000*00 
,288675135ON*00 
.2886751350*00 

.2886751350*00 

.5000000000*00 
0. 
.2886751350*00 

.5773502690*00 
0. 
.5000000000*00 

-.2886751350*00 

0. —   " 
.5773502690*00 

•.288675t3SO*00 
.5000000000*00 

/ 
Z2( 3.   1)   MATRIX  IS 

.2486751350*00 
—  -~.5O0t>00800Ov90 

.5000000090*00 
*>.5773S02690*1>0 

.5000000000*00 
»V2«8»7Sr350*irO 
.5773502690*00 

«.5000000000*00 

-.5773S02690«t>a' 
.2886751350*00 

-.3000000000*00 

.5773502690*00 
or-   
.5000000000*00 

-.2886751350*00 

MAXIMUM ENTRY OF ERROR MATRIX"     .379653230-28 

Figure 4,  (Concluded), 
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PR06RAH EAT Tt/T,      OPT=l FTN *.2»75067 05/16/75    09.59.29. 

PRDOTAM T»TTItlPOrtT)im>OT.T»PE5*lNP0T?T»PEir=0iöTP0Tr " 
DIMENSION  XC0F(ia),COFa0».ROOTR(10)«ROOTI(10S. 
BIMENSION STORXTTOV.STORYdO»"      -■   — •   :-- 
DIMENSION VStlO.lO) tVC(lO.lO) «RSAVdOtlO) 
DIMENSION xriTortNTTtrr.TiEtrm) .CMPXX(10) 
DIMENSION Aa0.10>.Z(10.lO).ZZ(l0.10)>PROD(20i20) 

10 

IS 

-JiHENstoN-rcao.zoi ts(»iror 
DIMENSION LI(20)«Ml(20) 
DOQBCE PHECISTO» ^EU.tt4PXXV*V2,7I^»A(J0 
DOUBLE PRECISION V.S.O.B 
OOUBtE PftECTSIöröÄ'.TJBTÖC«00 
DOUBLE PRECISION XCOF.COF.ROOTR.ROOTI.STORY,5T0RX 

TSJUBUE^PRECrSroN^Trt         " 
DOUBLE PRECISION YY 
DOUBLE PRECISION VRWCRSAV 

C 
C           READ  IN ALL  Trt£  DATA" 
C 

READ{5,101)   OB                              
»0 RE*D(S.l01)   DC 

READtS.lOl)   00 
101  FORMAT(IDIS.O) 
866 «IRITE(6,755) 

«IRITE(6,93T) 
?5 937 FORMATTSDdXriH»»  ' 

l«RITE(6,B01) 
801       FORMATdHl) 

READ(5,1)   LDEM 
K=0                                         ■"              ■ '   - '" 

^0 IFF«0 
trn.ot*) mvmrrfa    -■--••   -  - 

761   REAO(5,a8)((A(I,J>,J'l,L0EH),Isl,LDEM) 
88  FORMAT(t015.0) "                                                    " 

l((HITe(6,60) 
15 60  FORMAT(//////3X»BHA MATRIX) 

CALL  NRITEUUOEM.A) 
~"    - ■ KRITE(6.-755) 

«RITE<6,937) 
c           "                   '  
C           CALCULATE  THE  CHARACTERISTIC POLYNOMIAL 

,   C     '       ' "           ' """""     '  
XCOF(LDEM*l)*1.30 

40 

*5 

55 

!( 

XC0F(L0EM).-8 
DO *0  I'l.LDEM     ^    
DO *0 J'ltLDEM 

40  VR(I,J)»A(I,J) 
DO 10 I»l,L0EM 

IQ VR (I»tl *VffTr,lT>TnW (LOEMr 
MM-LOEM-l 
M«LOEM 
DO 33 UWMM 
CALL MATPHO(M.A,im,PHOO) 
CALL  TRACE2(PR0D,M,B) 
xcoFiM-i)»»tt.«/(«teti,to«Trr^iitiTi»- 
00 20  IP«1,M 
DO 20  JP'l,1«   

Figure 5. Program listing. 
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PROGRAM EAT 7*/74      (M>T»1 

ftO 

65 

70 

75 

f>0 

«5 

o(r 

45 

•700 

Ins 

110 

FTN 4.2«75067 05/16/75 0*.S9.29. 
■  •. 

M-rr 
.  ,   \  

DO 30 IP»1.«<  ' 
30 vR(iP.ipy*v«amrp)*xcor(i*-rr 
33 CONTINUE 

WRITE(6,75S)     " 
WRtTE(6.104) 

' " M* roi»«Tr3X,?5HCH««»CTERrSTIC POUNÖMWC/VJ 
CALL  t*HITEP<XCOF.LD£M) _     __ _    _   

C CALCULATE THE CHARACTERISTIC ROOTS _ 

CALL POLRTlXCOftCOF.LOEM.ROOTR.ROOTIflER) 
— DO 399 ■m.LOEI't  - -   ; -—- '  

IF(R0OTR(I).LT.ad.AN0.R00TR(I).6T.-aS) ROOTR(I1<0.00 
iF<RooTni).LT.o8.ANo.Roorr(r).GT.iOBi Twonoi-öiT«)  

399 CONTINUE ' 
IFdER» 6l»70>61   —^ 

61  MRIT£(6,108)   iER 
1 OB FORMAT < ///3XT3WeBftöR"I N ROOT CÄtCÜLKTIWiWÖBEVßT— - 

GO TO 866   

C    SORT ANO CLASSIFY THE ROOTS _        ^   _ 

70 CALL SORT(R0OTRiRO0TItRELLtCMPXXtST0RX>STORY«NtLOeHtK«Da) 
 WfiITE(6.755)       '    " :  

755 FORMAT(3X///) 
'" "^ WRITC{6,5S) ■ "       ' '  
55   FORMAT<2X«20HCHARACT£RISTIC ROOTS  //2Xt9HR£AL PA«T.13X»12MC0HPL£X 

a PART.isx.ienMULinPLiciTr    >           
IQxK 

 00 700 1=1 .Iff- — J- —— .  
700 MRIT£(6«701) RELLd) .CMPXX(I) .»(I) 

701  F0RMAT(lX.DI5.Bi5X,D15.8.15X.IS)              —'—  
MRITE(6.7SSI 
i(RrrE{6.937i ""'—    - ■    — =- 

C 
—c 

C 
^CALCULATE »«r IWCRT-THf VANOCRMOIWE^ 

    KF(I(»1 -,  - -      — — 
00 683  Ul.LOEM 

" -KFX»I*1   -     --   ' -  ---,,-.  - - 
883       KF(I»1)«KFX«KF(I) 

Otr 313 111=1 iK  - ———  
IFtCMPXXUn».N€.».DO) 60 TO 129 

313 CONTINUE -   . 
CALL VANOH(RELL.LOEM.N.K.¥) 
SO TO 107 

129 LDEM2»2«L0E«< 
 CALL VANtriREtL.XUPXX.LOEN.N.K.V) "   "     

CALL ARRAY(2«LOEH2.LOEN2t20.20tS>VI 
CALL OlMVRTfSiLOEMe.O.LliMl)   
CALL ARRAYIl.LOEM2.LOEM2.20.20.St\n 
D«OABS(D) 
0=OSa«T(0) 
trtO.OT.OO.OR.DitT.iOO) 00 TO 6*6- 

6<.7 iRITE(6,6*8) 
6«» fOI»«Tt3X,40HV HATRIX IS SINGULAR — CHECK INPUT BATAV 

Figure 5.    (Continued), 
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fy 

f: 
i 

l!5 

1?0 

1?5 

1?0 

135 

UO 

US 

ISO 

155 

160 

IV. 

170 

■   00 TO 866             " 
646 KF6=1 

00 TO 555 
107       CALL  ARRAY(2,LOE.i.LOEH.20.20tS.¥) 

CALL GIMVRTCS.LOEH.D.LIfMl) 
CALL ARRAY(l.LD£K>LO£H.20l20.SiV) 

"tr r tJ.x T-.Do. A w, m 6T.-*o0r T50 _ro-64r 

406.401t»06 
II«.I.J 

DETERMINE THE TOW OF EXP(ÄT) 

649 KFG=0 
LDEM2»L0EM 

555 IKsO         
•»lTe<6.756) 

756 FORMAT(3X///) 
W«ITE(6.4JU 
I1K»0 
KOOP'O 
DO 444 I»1,K 
IF(KOOP) 414.415.414 

414 KOOP«0 
GO TO 444 

415 LGMcN(I) 
00 400 J'l.LGM 
IIK«IIK*1 
IF(CMPXX<I)) 

401 *RITE(6.410) 
60 TO 400 

406 LOG'UK»! 
«RITEI6.440) IIK.I.J.LOG.I.J 
IIK»L06 
KOOP«l 

400 CONTINUE 
444 CONTINUE 
411 FORMAT(3X.9iEXP(AX» *  /) 
440 F0RMAT(3X.4H. F (.I2.4M1 »ZUIZilH.« JE 

112.1H>/) 
»10 F0HMAf(3X.4«. F (,I2.4M) «ZC.^.IHMIZ 

l«RITE(6.430) 
KQOPxO 
1IK«0 
DO 901 1*1,* 
L6M»N(I» 
IFtKOOP)   614.613.614 

614 KOOP«0 
GO  TO 901 

615 00 600  J«1,L6M 
IIMIIK.l 
IF(CHPXX(I))   606.601.606 

601 IF(J-1I   604.602.604 
602 MRITFI6.603I   llt.RELLd) 

GO TO 600 
604  JJJ»J-1 

KRITEI6.605» I1K.JJJ.HELL(l) 
GO TO 600 

606 KOOP»! 
IF(R£LL(II)   612.607.612 

.6H»   ♦  F(.I2.SHI«ZZ(.I2.1H,._ 

.1H1/1 

Figure 5.    (Continued), 
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S 1 
175 

i 

IsO 

US 

w 

195 

200 

205 

210 

2l5 

270 

2?5 

607- If tJ-tt-«(Tt5081 St0   
608 MRITE(6i609)   IK.CMPXXII» 

IIK»:IIK»1 
*RITEf6t709)   IIK.CMPXX(I) 
K00P*1 
GO TO 600 

ell)  JJjaJ-I 
l*RITe<6.6U)   IIK.JJJtCMPXX 
IIK^IIK«! 
WRITE(6t711) IIKtJJJiCMPXX 
GO TO 600 

612 JJJ'J-l 
  KRITET6.613)   nKtJJJiRELC( 

IIK»1IK«1 
WRITE(6t713l   nKtgjJ.RELL( 

600  CONTINUE 
901  CONTINUE 
605 F0RHAT(///3X.2HF(tl2i8H) = 
611 T0RMAr(7//3X 12Hf (. I2i9X) = 
711  FORM*T(///3X.2HFUI2t8Hl   ' 
613 F0RMAT{///3X.2HF(,I2tSH) = 

18H)«C0S(X«,D15.8.im> 
713 F0RMAT{///3Xt2HF(,I2.8H) * 

18HI«SIN(X»i01S.B.lH)) 
603 F0RHÄTt///3Xt2MF!iI2tl0H) 
609 FOR»4AT(///3X.2HF(tI2j*H) • 
709 F0RMAT{///3Xt2HF(,imH) * 
*30  F0RMAT(///3X»1*H<*HERE  F(I) 

WRnE(6t760! 

(II 

(1) 

IltCMPXXII) 

D.CMPXXdl 

(X".I2.9H)»EXP(X»i015.8.1H)) 
<X»»tl2.SH>»C0StX»VDlS.fftlfr)r" 
!X»».i2.SHI»SIN(X»t015.8.1HM 
(X»,,.I2.BH)»EXPrX«.015.8i 

(X".I2,8H)»EXPtX»tD15.8. 

»  EXP(X«,D1S.8,1H)) 
t6HC0S(X*«015.BtlH)) 
t6HSIN(x».D15.8ilH)> 
ARE) 

/60 
-- c ■ ' 

c 
c 

FORMAT (///JXOSHANO  XMERE THE Z  AND  ZZ  MATRICES ARE 

CALCUt-ATE  THE  CONSTITUENT MATRICES 

KOOP'il 
I:K.6 
YYsO.UO 
DO 809  I«l,<      - 
IF(KOOP|   6l6t6l7.616 

616 KOOP>0 
IKOIK*! 
GO TO 809 

617 MHM>N<I) 
00  10» J»ltMMW 
IK>IK*1 
IF!CNPXX(In618.619t618 

618 KOOP-1 
KPGol 
GO TO 620 

—»t» Kro»o 
620 00 HI  ULiltUH* 

00 HI  LJL«l.LOEM 
IFlLlL-tJU»   113fll2.113 

112 Z(LII.«L.ILI«V(IKtl) 
GO TO 1.U 

113 zn.n.>t.Ju>o.o ■"-■■■ 

111 CONTINUE 
ircKFO»   205.206.205 

'( 

Figure S.    (Continued), 
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230 

*»- 

240 

245 

250 

255 

2«.0 

2ft5- 

270 

2T5 

ZaO 

2« 

208 Dgtl» IttslftOC*   
00  114 JU=1.LDE« 
ir(ILL-JLL)116.115,116   

US HKM»IK«LDEM 
M(ItL»JLL)«Vt»«Hrt)  -    - 
GO TO 114 

—Itt *rtlttTdttr s*-.«- - 
114 CONTINUE 
tot va t*t'-Jt*z,tot*     - 

IMv»L.EQ.2(  SO TO  173 
trTJt.CO.3r 80 Tff 132 
CALL MATPRO(LOEHtA.RSAV.PROO) 

  CaT0'27T"" '   '"    "" """  
132 00 236  IP'l.uOEM 

00 236 JPsi.LOE»« 
236 RSAV(IP.JP)«A(IP.JP> 

CALL MATPR0(1.DEI».A.RSAV,PR00> 
273 00  199  IP«1,L0CH 
 Off 199 JP«1,L0EM      ' 

199 RSAV(IP,JP)«PRO0(IP.JP) 
00 TO 120 

173 00-919 IP-l.LOE* 
00 919 JP»1,L0EM 

919 PROO(IP.JP)»AtIP.JP) 
120 DO 119 IN« 1, LOCI»     

00 119 JN»1>L0EM 
Z(lN.JNl«Z(INtJN)»V(II«.JL)»PR001lN.JN) 
IF(KFG>   333.119.333 

333 LKL-IMLOEM 
2Z(IN.JN)»ZZ(IN.JNI«V(LKL.JL)*PR00(IN«JNI 

- u^-eoNTitwe—       -       ■     
140 CONTINUE 

IFIKf'i»   758.757.7Sa 
758 Ü0 75V  MIN>l.LCc<4 

00 759 NJN-J.LOe* 
2(HlN,MJN)m2.D0*Z(HIN.MJN) 

759  ZZmiK»*JN) »».2,1»«ZZlNri«.1«Nr 
757 HRtTE(6.77BI I.J 

IP(J.CQ.l) Ml.DO 
IFU.GT.l) ««OBL£<FL0AT(KF{J-1)>I 
00 «27 m*l,L9t* 
DO 827 NUTal.LOEX 
ZT»w.»«>Tr«zfW.'Km/x   " 

827 CONTINUE 
00 321 *U»l.LOt« 
00 321 NUT-ltLOE* 
XaZ(Wf.WiT) 
tF(X.LT.OC.ANO.X.ST.*OC) ZOW.MUTl.O.OO 

aercwrnNüc      --  — — 
CALL «HITEi   (LOE^.Z) 
1F«KF6»   297.309.207 

30« A.HELLU» 
IF(J.EO.l)   50 TO 1ST 
CALL HATPRO(L0E*t.A.V««PR00l 
(»-•57  IP-l.LOCN     - 
00 837 JPal.LOEN 
Y«X«VR(IP.JP)*2tIP«JPI*FLOAriJ-ll-BtOOt|F.jr> 

Figure 5«    (Continued), 
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i I 

240 

215 

300 

3nS 

310 

315 

320 

3?S 

310 

335 

340 

345 

3<!0 

355 

3'» 

M5 

i 

Y«OABS(V) 
i* inr-rv) B3r.i7.i7 
17   TYsY 

937 CONTINUE 
157 00 783  IP-l.LOEM 

00 7S3 JPM.LOe»» 
783 VfHlP<JPi*UiriJI>) 

IF(J.NE.HNM)  GO  TO  109 
CALL MATPROILOE^.A.VR.PWOI 
00 387  IP^l.LOEM 
00 387 JP-l.LOEM 
Y«P(»00(IPtJP)-VR(IP.JP)»X 
r«0A8S(YI 

15 IF(Y-YY)   387.16.16 
16 YY»Y 

387 CONTINUE 
856 IF(KFG) 207.109.207 
207 »RITE16,779) I.J 

IF(J.Ea.l) x>i.ao 
IF(J.GT.l) X«0BLE(FL0AT(KF(J-1»)) 
DO 839 MU'l.LDEH 
UO 839 XUT.l.LDEI 
2ZIMUiMUT)sZZ(MUt>4UT>/X 

839 CONTINUE 
00 128 I4U*1.10E<4 
UO  128  MUTal.LDEH 
X.Z2(MU.MUT) 
IF(X.LT.0C.4N0.X.6T.-0C» ZZ(MU.HUT)«0.00 

128 CONTINUE 
CALL «RITEKLOEHtZZ) 
IFIJ.EO.U 30 TO 717 
CALL MATPRO(LOEH.AtVR(PR30) 
DO 703 IP.l.LOEM 
00 703 JP»1.L0E1 
Y.FLOAT<J-l)»Z(IP.JP)«»ELL(n»yR<IP.JP)»CNPXX(I)»YC(lP.JP) 
Y.Y-PROOIIP.JP) 
Y«OABS«Y( 

21 IF(Y-YY) 703.22<22 
22 YY«Y 
703 CONTINUE 

CALL MATPROILOE^tA.VC.PROOl 
DO 370 IP«l,LaE>< 
00 370 JP»1,L0E* 
Y.FLOAr(J-n*ZZUP.JP»»RELL(I>"VC(I!>lJPI-CMPXX(P»YR(IP.JPI 
Y.Y-PR00(IP.JRt 
Y>0A8S(YI 

23 IFIY-YYI 370.2*t24 
2* YY»Y 
370 CONTINUE 
717 00 307 IP«1.L0E»I 

DO 307 JP^LLOEM 
\m(IPtJPI»Z(lPtJ»l 
YC(IP«JPt»ZZ«IR»JP» 

307 CONTINUE 
IFIJ.NE.MMM)  SO TO  109 
CALL  MATPROILDE^.A.VR.PRaO) 
00 893 IP«1.L0E« 
00 843 JP»1.L0E* 
Y>UELLII)*V4<IP«JPI*CMPXX(II*YC(IP.JP)-PR00(IP>JP) 
'•OAtlSIYI 

41 IFIY-Y*»   893142,42 
42 YY»Y 

893 CONTINUE 
CALL NArPRO(LOE<«>A.VC.PRODI 
00 993  IPIULOCI 
00 993 JPM.LOEN 
».CN(»»X(II»»»«I».JP)-R£LLUl«»C(IP.JP)*PR0OtIP«JPI 
Y'OAtfSIYI 

43 lr<Y-»Y»   993.44,44 
44 YY«Y 
991 CONTINUE 
10« CONTINUE 
889 CONTINUE 

Mirci6,r59) 
M«|Tei»,19|   YY 

19  FORNATUAOOHNAXINUN  ENTRY  Of  ERROR  «MTRU«, 1015.81 
60 TO 886 

779 rOR1AT(///]X,3N2ZI>|2.<H..I2.llN>  MATRIX  IS/I 
778 fORMAT(///3<.2HZt.l2,|M..I2,ll>«|  MiTRI«  IS/I 

1 FOffNATIIZI 
762      CONTINUE 

ENO 

Figure 5.    (Continued). 
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10 

15 

20 

>* 

10 

IS 

^0 

45 

50 

"55 

10 
15 

20 
C 

Z5 

30 
C 
35 

38 

«r 
c 
c 
<t5 
*6 

♦9 

50 

55 
C 

SOBROUTII«  SIHVRTdl.WiaitTH) "   "  

THIS ROUTINE CÄLCUCArES THE INWEfiSrOr» MATftTX  

DIMENSION A(l)tUl).M(l)    "       — ~  
DOUBLE PRECISION A.BItiAtO.HOLD 
M*V. '   ' "'   ■"        '   
NK«-N 
DO 80 K»1,N 
NK=NK*N > , 
UK)«!«      •■   - —   ■    -'    -' - 
»{«)=« 

-KX«NK*K -     ___ 
ei6*»A«KK> 
DO 20 J«K.N   
IZ»M«(J-1) 
DO 20  IMK,H ■-      - 
IJ«I2*I 
ir(D»B5(Bl6*J-D»aS<»(rj)n  I5.20~t20   
BIGA*A(IJ) 
L(K)»I  - "        ""   •     ■"  "-   —     
M(K)»J 
COMTINt« —         
INTERCHANGE ROWS 
J^UK)  '■   — • ■   
IF(J-K)  3S<35(25 

• KI«K-N       '  "   '  ' -■        -  - —' " -—    
DO 30 I>1,M 
KI«KI»N       ■■   —- 
HOLD—A <K1) 

~JI«K1-K*J — 
A(KI)«AUI) 
A(JIJ»HOL0   
INTERCHANGE COLUMNS 
I«M«K)        - -     
IF(I-K) *5.«St38 

■ jp«N»«i-tr    -    —  
DO «0 J-ttN 
JK*HK*J    
JI«v»P*J 
H0LD«-A(JK)   - 
A(JK>>A(Jt) 
ATJir«HOLa   -     - - -     —  
DIVIDE COLUMN By MINUS PIVOT (VALUE OF PIVOT ELEMENT IS CONTAINED 
IN BIOA» -     
IFtBISA)  49>*«<t8 
0»0i -     . 
RETURN 
DO 5S I«1.N -•, .-...-.  
IF(I-K» SOfSStS» 
iK*m*i ..,_..,- 
A(IK)«A<IK)/(-SISA) 
CONTINUE " - 
REDUCE MATRIX 
00 «5 I-tiN "    " 
IK«NK*I 
HOLOaA(IK) 

Figure 5,    (Continued), 
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SJBROUTINE GINVHT 7*/74       OPT»l 

f-0 

65 

75 

«0 

35 

100 

60 
62 

65 
C 

70 
75 
C 

UÜ 
C 

100 

105 

108 

110 
120 

OS 

t30 

ISO 

tJst-H    —       
DO 55  J.1,N 

'    lj=IJ»N 
IFd-K)   60.65,60 
IF(J-K)   62,55.62   

cA0NrnNT1HAnrJ,>*,rJ1  
DIVIDE ROW 3y PIVOT 
KJ=K-N 
00  75  J=l.N 

KJ=KJ»N 
IF(J-K)   70.75.70 
A{KJ)sA(KJ)/ai6A 
CONTINUE 
PPODUCTA OF PIVOTS 
0=D»dIGA 

A^fCf PIy0T 8r RECIPROCAL 

CONTINUE 

FINAL «0. AMO COLUMN INTERCHANGE 

K-(K-l) 
IF(K) 150,150,105 
*=L'K) 

IF(1-M     120,120,108 
JQ=N»(K-1) 
JR=N»(I.u 
DO  110  J=1,N 

«OLO=AtJK1 -      -     — -   
JI'JR»J 
A(JK)«-A(Ji) 
A(JI)«MOLO 
J=M(K) 

DO  130     IM.M 
KI=KI,N 
HOLO»A(KI) 
•JI=KI-K»J 
A(KI)»-AUI) 
*(Ji»««8tO  
60  TO  100 '   "~ 
RETURN 
ENO 

FTN ..2.75067      _ t^JJS^.S,.^ 

Fig"re  5.     (Continued). 
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SU8R00TINE ARRAY 74/7*  0P.T=1 FTN 4.2*75067 05/16/75  09.59.58. 

10  " 

15 

?0 

C 
100 

110 

c 
120 

125 
130 
1*0 

SUBROttTlNE »R«*ir (*OOrtT*?.»*«iS»trr     

THIS ROUTINE PREPARES A MATRIX FOR 51NVERT 

ttlMENSION SdttOdT 
DOUBLE PRECISIOM S.D 

~Ht=**-i ' ' ■ 
TEST TYPE OF CONVERSION 
irtMoor-iT   loo.iootiao  
CONVERT FROM SINGLE TO DOUBLE DIMENSION 

NM=N»J*1 
00  110     K*IVJ     
NM*NM-NI 
00  110  L=1,I 
IJ=IJ-1 
NM=NM-1 
D<NM)=S(IJ) 
GO TCT 1*0         ' ""■  "'""" 
CONVERT FROH 00ü8LE TO SINGLE 

IJ=O   
NM=0 
DO 130 Kal.J 
00 125 L=ltl 
IJ=lJ»i-'        
NM=NM*1 
S<IJ)=0(NM) 
NM=NH*NI 
RETURN 
END 

SUBROUTINE MATPRO 74/74  0PT=l FTN 4.2*75067 05/16/75v 10.OOcOO. 

10 
?0 

SUBROUTINE MATPWLDEHtA.B.PRODI 

THIS ROUTINE CALCULATES THE PRODUCT OF TWO MATRICES 

DIMENSION A(IO.IO)tB(10.10),PROD(20.20) 
DOUBLE PRECISION A.Bi PROO 
DO 2(r I»1.L0EM           -      - 
00  20 Jäl.LDEM 
PRODIItJ)*0. 
DO 20 L»1.LDEM 
PROD(IfJ)=Pä!00(I.J)*AII.L)»B(L.J) 
RETURN 
END 

SUBROUTINE WRITE1 74/74  0PT = 1 FTN 4.2*75067 05/l6/7i3  10.01.12. 

10 

SUBROUTINE *RITE1 (IQ.A) 

THIS ROUTINE »RITES A MATRIX 

DIMENSION A(IO.IO) 
DOUBLE PRECISION A 
00 1 I«!.10 

1 WRITE<6.2> (Ad.Jl.Jsltld» 
F0RMAT(6(4X,D16.9)) 
RETURN 
END 

Figure 5.     (Continued), 
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SUBROUTINrvANO(SE»LPfCDHPP,N.M,K,v)  

THIS ROUTINE  CALCULATES THE VANOERMDWE FOR MATRICES  WITHTaHPlEJT 
EIGENVALUES 

10 

^5 

10 

15 

SO 

DIMENSION REALP(l).COMPP(J),M(l).V(20tZ0) 
" ~ DOUBtE PRECISION V.REALP.COHPP' 

DOUBLE PRECISION A.B.C.D.E.F.AA.BB 
NSUM=0 
DO 10 L=1.K 
MM=M(L) 
IF(L.eQ.l) J4C=1 
IF(L.GT.U ^C=NSaM»l- 
NSUM=NSUM»MH 
A=HEALP(L) 
Sä>COMPP(L) 
C=1.00 
0=0.00 
DO 30 1=2,N            
CALL COHCAL(A>B<C>Df?,F) 
C=E 
0=F 
V(I»N,NC)=D 
V(ItNC*N)=-3 
V(I«N,NC*N)=V(Ii*IC)=C - " 

30 CONTINUE 
V(1»N,NC>N)=V<1»*C)=1.D0 
V(l»N.MC)=V{l«NC».M|r0.O0 
tF(HH.EQ.l) QO 70 10 
00 40 1 = 1,N 
00 40 J=2,MH 
JJ=NC*J-1 
IF(I-J) 97,98,99 

97 V(I»N,JJ»N)=!\/{I,JJ)=0.00 
W(I*N,JJ)=V(I,JJ*N)=0.D0 
GO TO 40 

98 V(I«N,JJ*N)=V(I,JJ)=1.D0 
V<i*N,JJ)rV(I,JJ«N)=0.00 
GO TO 40 

99 AA=m-l,JJ) 
dB=V(I»N-l,JJ) 
C=V(I-l,JJ-l) 
o=vn*N-i,jj-i)    
CALL CUHCAL«AA.3d.A.B,E,n 
E=E»C 
F=F»0 
V(I,N,JJ*N)=V(I,JJ)=E 
V(I«N,JJ)=F 
V(I,N,JJ)=-F   

40 CONTINUE 
10 CONTINUE 

RETURN 
END 

Figure 5.     (Continued), 
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SUBROUTINE COMCAL Tt/Tt      OPr=l FTN *.2»75067 05/16/75     10.02.01. 

10 

SUBROOTIME COMC»L(*tB.CtOtEiF)   

THIS ROUTINt CALCULATES THE PRODUCT OF A DOUBLE PRECISION COMPLEX 
NUMBER 

DOUBLE PRECISION A.B.C.O.EtF 
c=A«c^rr»o  ■          ■■ —   
F=A»0»B»C 
RETDRW 
ENO 

SUBROUTINE VANOR 7*/7*       OPT=l FTN 4.2«75067 05/16/7S     10.02.53. 

ir 
if. 
Ik 

i r 

I 

10 

15 

?0 

fQ 

->5 

■SUBROUTINE  «NDR(RELL.N.M,K.VJ 

THIS ROUTINE  CALCULATES THE VANDERM3MÜE FOR A MATRIX  KITH ONLY "REAL 
EIGENVALUES 

DIMENSION RELL(1).MC1).V(20.20) 
 DOUBLET PRECT5r0rREtL.V " " 

DOUBLE PRECISION Z.ZZ 
NSUMsO '     '" 
00  10 L=1.K 
MM=H(L) 
IF(L.EO.l) SC'l _   
IF(L.GT.l)' MC=NSUM*r 
NSUM=NSUM*MH 
ZZ=1.00 
Z=R£LL(L) 
00 30 1=2.N .,.,--...,,,_ 
ZZ=ZZ»Z 
V(I.NC)=ZZ "   "'" 

30 CONTINUE 
V(1,NCI=1.D0 
IF(MM.EQ.l) 50 TO 10 
00 40 1=1.N 
DO 40 J32.MH 
JJrNC»J-l         " "~'"    ~   ' 
IF(I-J) 97,98.99 

97 V(I.JJ)=O.DO 
GO TO 40 

98 V(I.JJ)=1.00 
GO TO 40 

99 vrr.jJv«v(r-T.jj-i)>v(i-i.jjr»z "   
40 CONTINUE 
10 CONTINUE 

RETURN 
ENO   - 

SUBROUTINE tjRITEP 7i,/74  OPT=l FTN 4.2»7S067 05/16/75  10.02.68. 

I 
% 
I 

10 

15 

SUHROUHNE i(RITEP(XCOF.N) 

THIS ROUTINE KRITES A POLYNOMIAL 

UIMENS10N XCOF(l) 
DOUBLE PRECISION XCOF 
wnet«.»03T-xcom r 
NNKN-I 
00  10  I'l.NV 

10  MRITE(6»100>   XC0F(I«i).I 
WRITCCe.IOI)   XC0F(N*1).N 

100  F0RMAT(/3X.lH(.lai5.8tlH).lX.4H*X*o.I2.1XtlH*) 
iorroRMArr/3x,iffr,roi5.8.iH).ix,4H»x*».i2i 
103 F0RM*T(/3X.1H<.1J1S.8.1H).1X,1H.| 

RETURN 
ENO 

Figure 5.    (Continued), 
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SUBROUTINE SORT 7*/7«      Of>T=l fJU 4.2*75067 05/16/75     10.03.01. 

i i 

ii i 

SUBROOTTfiiE "SORT (TOOTRtROOTI, HELL S CMOXX . STORX t STOnntrtNtlCtOlO 

THIS ROUTlNt'SOHTS THE  ROOTS 

10 

15 

'0 

10 

15 

uO 

DOUBLE PRECISION OK 
DIMENSION Hilt 

—TJiHENsroirsTDRxm .sTORrn) ^ " 
DIMENSION RDOTR(1).ROOTI(1).RELL Cl >tCMPXX<1) 
DCUBLC PRECTSIOM ROOTR.ROOTT.RELL.C^XX 
DOUBLE PRECISIOM STORX,STORY 

" DOUBLE PRECISION X.Y.rf.Z.OD.OB 
K=0 
~KK=0   " ' "" 
DO 10 I<ltN 
K=K«1 
*4(K)sO 
X=ROOTR(l) 
Y=ROOTI(l) 
RELL(N)=X " 
CMPXX(K)=T 
NN=N-KK 
NK=0 
DO 20 J=1.NN 
«=RO0THU) 
ZsROOTIU) 
O0=DABS(X-W) 
DB=DA8S(y-Z) 
ir(DO.LT.DK.AND.J8.LT.OK) GO TO 30 
NK=NK»1 
STORX(NK)=M 
STORY(NKI=Z ~ 
GO TO 20 

30 M(K)=«(K)«I 
20 CONTINUE 

00 «0 L=1.NK 
ROOTR(L)=STORX(LI 
ROOTI(L)»STORY ft) 

tO CONTINUE 
KK«KK«M(K) 
IF(KK.EQ.N) GO TO 50 

10 CONTINUE 
50 RETURN 

£NO -    -        -  

Figure 5,  (Continued) 
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SUBROUTINE  POLRT 7*/74       OPT=l FTN *.2*75067 05/16/75     10.OS.04. 

10 

15 

?0 

?5 

30 

15 

45 

50 

55 

 -SU9ftOtfTI1C~POURTrtC0f sCOftHtHOOIH.HOOn.IER)          

THIS ROUTINE MLCULATES THE ROOTS OF A POLYNOMIAL    

00U8L€ PRECISION Ft        
DOUBLE PRECISION XCOF.COFtROOTH.ROOTI 

 DOUBLE PRECISION XOfYO.X-rr.TCPBtTPrt-jr.-BrtV.irTWCr.O^XTZtTTatSUHSQ 
DOUBLE PRECISION OXtOY.TENP.ALPHA 
oiHENStoirxajrnT.coF(i),RooTRaJtROOTi(i)   
IFITX) 

IER«0 
—TnxcoF(N»ir)-iirv75,io -   

10   IFtN)   15.15.32 
15  IER=1 "   ~         
20 RETURN 
25  IER«=4     

60 TO 20 
3intR=?  '  " 

GO TO 20 
3? IF(N-361   35.35i30 
35 NX=N 

' NXX=N»r^ " " 
N?=l 

■ -KJTSN»"!  "   ■     
DO 40 L=1.KJ1 
MT=KJl-Ln  -        

40  C0F(MT)»XCOF(L) 
45 X0=.00500101      -       

YO=.01000101 
IWO   '   • "     ' 

50  X=-X0 
XOa-lfr.0»YO 
YO=-10.0»X 

--x=xo  —  -    ■- ■ - - -   - - -   ■ 
Y=Y0 

- INsIN^t  "   '          " :  
60  TO 59 

55   IFIT=1  -"          --        -■-■■-  ■"-- 
XPR=X 
YPRxY- -       - - - - -   

59  ICT=0 
6t» UXaD70   

UY=0.0 
VsO.O        - -     
YT=0.0 
XT=1.0 -- -       ..      . '   ..        /      
U=COF(N»l) 
IFCU)   6S.T30 

65 DO  70   Isl.N 
L=N-I»1 
rEMP«COF(L) 
XT2»X»XT-Y»YT 
YT2»X»YT»Y»XT 
U»tf*TEflP»XT2- 
V=V«TEMP»YT2 
FI.I 

Figure 5.     (Continued). 

43 



SUBROUTINE POLRT 7*/7*      OPr»l FTN *.2«7506f 0S/16/7S    >fl.08.V'.. 

tO 

«,s 

75 

J» 

50 

loo 

Ins 

uo 

UX«UX»FI»XT»TEHI» 
ur»ur-ri»YT»TEMP 
XT«XT2 

70 YT»rT2 
SUMSO»UX«UX»UY»Üir 
IF   (SUMSO)   7S»U0.T5 

75 OX«(V»Ur-U»UX)   /SUHSQ 
x>x*ox 
BY=-(U»UY*V»UX)/SUMSO 
Y«Y»OY v 

76 1F(0»8S(0Y)»D*BS(DX1-1.D-12»   lOOtao.BO 
80  ICT«ICW 

IF(ICT-500)   60.85.8S 
85  IFCIFITI   100.90.100 
90  IF<IN-SI   SO.95.95 
95  IER»3 

SO  TO 20 
100 00  105 Lsl.NXX 

MT=KJ1-L»1 
TE»tP«XC0F(MT) 
XCOF(MT»«COF(L) 

105 C0F(L1«TEMP 
ITEMP«N 
N.NX 
NX« I TEMP 
IFIIFIT) 120.SS.120 

110 IFIIFIT) 115.SO.115 
US X«XP« 

Y=YPR 
120  IFIT=0 
122  IF(DABS(Y)-l.a-10*0ABS(X)l   135.125.125 
125 ALPHA^X.X 

SUMSO»X»X»Y»Y 
N»N-2 
60  TO  UO 

130  X=0.0 
NX«NX-1 
NXX«NXX-1 

13S   Y=0.0 
SUHSU'O.O 
*LPHA»X 
N.N-1 

1»0 C0F(21«C0F(2)»ALPHA»C0F(1) 
145 UO  150 i.*Z,H 
ISO COF JL«1)=COF <L»1)»ALPMA^COF(L)-SUMSa'COF(L-l) 
1S5 RO0TI(f(2)«T 

ROOTS(N2)«X 
N2»N2»1 
IFISUMSOI ISO.165.160 

160 Y.-Y 
SUMSa«0,0 
GO TO 155 

16S IF(N) 20.20.45 
END 

SUBROUTINE TRACE 7l,/7*  0?T»1 FTN *.2*75067 05/16/75  10.10.2*. 

fUBROUIINE TRACEIA.N.TR) 

THIS ROUTINE CALCULATES THE TRACE nf A MATRIX 

10 

DIMENSION MIO.10) 
DOUBLE PRECISION SUM.A.TR 
SUM'O.UO 
DO 10 I>1.N 

10 SUMsSUM.AU.I) 
TR«SUM 
RETURN 
END 

SUBROUTINE TRACE2 7»/7<t       0PT«1 FTN *.2*75067 05/16/7b     10.10.29. 

10 

SUBROUTINE TRACE2(A.N.TR) 

THIS ROUTINE CALCULATES THE TRACE OF A MATRIX 

DIMENSION »(20,20» 
DOUBLE PRECISION SUM.A.TR 
SUM'O.UO 
00 10 1*1.N 

10 SUMoSUM.AU.Ii 
TR.SUM 
RETURN 
ENO 

Figure 5,    (Concluded). 
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